Landau levels and shallow donor states in multiple GaAs/AlGaAs quantum wells (MQWs) are investigated by means of the cyclotron resonance at mega-gauss magnetic fields. Measurements of magneto-optical transitions were performed in pulsed fields up to 140 T and temperatures from 6 to 300 K. The 14 × 14 P·p band model for GaAs is used to interpret free-electron transitions in a magnetic field. Temperature behavior of the observed resonant structure indicates, in addition to the free-electron Landau states, contributions of magneto-donor states in the GaAs wells and possibly in the AlGaAs barriers. The magneto-donor energies are calculated using a variational procedure suitable for high magnetic fields and accounting for conduction band nonparabolicity in GaAs. It is shown that the above states, including their spin splitting, allow one to interpret the observed magneto-optical transitions in MQWs in the middle infrared region. Our experimental and theoretical results at very high magnetic fields are consistent with the picture used previously for GaAs/AlGaAs MQWs at lower magnetic fields.
I. INTRODUCTION
Magneto-donor states in semiconductors have been the subject of sustained experimental and theoretical interest due to their interesting physical properties as well as important use in the infrared technology [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Magnetooptical and magneto-transport investigations proved to be useful in determining positions of donors in MQWs, which is important for device applications. It is of interest to verify previous theoretical assumptions derived from experimental data obtain at small magnetic fields and properties of donor centers in MQWs at ultrahigh magnetic fields. One of the important questions is the magnetic field dependence of the optical transition energies for the extreme field range 13 . This problem is connected with MQWs where the donor centers can exist both in the wells and barriers. In addition to the useful applications of MQWs to infrared photo-detectors [14] [15] [16] [17] , light emitters [18] [19] [20] and cascade lasers [21] [22] [23] [24] , they provide a test system for the study of electron correlation when the electrons are spatially confined by the potentials of closely spaced multilayers [25] [26] [27] [28] [29] [30] .
In this paper we present results on the cyclotron resonance (CR) in GaAs/AlGaAs MQWs containing residual Si donors both in the GaAs wells and AlGaAs barriers. The experimental data are obtained in wide range of temperatures. They are described using a sophisticated 14 × 14 band model for free-electron Landau levels and a variational calculations for magneto-donors. The theory takes into account the non-parabolicity and nonsphericity of the conduction band in GaAs which strongly influences all energies at the employed very strong magnetic fields. A connection with the results of other authors is made, both those of Brosak et al 31 who used much lower constant fields, as well as those of Najda et al 10, 11 who worked with very high pulsed fields similar to ours.
II. EXPERIMENTAL RESULTS
Magneto-optical measurements in the infra-red region and pulsed mega-gauss magnetic fields were performed at the National High Magnetic Field Laboratory, Pulsed Field Facility in Los Alamos. Magnetic fields up to 150 T were generated in a single-turn coil discharging a capacity of 250 kJ and inductance of 17.5 nH during 6 µs. The CR of electrons in the MQW, was excited with the CO 2 laser radiation at two different wavelengths: λ 1 = 10.59 µm (hν = 116.7 meV) and λ 2 = 9.69 µm (hν=128.0 meV) with the power of about 80 mW for each wavelength. The magnetic field B was parallel to the [001] crystal direction of GaAs and maintained perpendicular to the two-dimensional electron gas plane with a special sample holder ensuring the Faraday geometry. Optical magneto-transmission (solid curves) and magnetic field intensity (dotted curves)versus time for three temperatures and laser wavelength λ2 = 9.69 µm A HgCdTe detector was used to detect the radiation transmitted through the sample placed within the singleturn coil. The magnetic field induction B was measured at the sample using a dB/dt measuring coil, with an estimated uncertainty not exceeding ± 3 %.
An MQW structure (#151) prepared specially for our experiment consisted of ten GaAs QWs and eleven Al x Ga 1−x As barriers grown on GaAs substrate 32 . The well thickness was 18 atomic layers (AL, about 10 nm) while the width of barriers was 9 AL (about 5 nm). Magneto-transport measurements 30 at temperatures from 1.6 K to 4.2 K determined the electron density of 5 · 10 11 cm −2 and electron mobility of about 5 · 10 K) are presented in Fig. 1 . Magnetic field curves versus time are given on the same figures by dotted curves. Each transmission spectrum has clearly visible resonance minima. The resonance peaks were reproducible while measured for increasing and decreasing magnetic fields. However, shifts to higher magnetic fields were found on curves corresponding to increasing fields. This is illustrated in Table 1 . This effect could be explained by the electron relaxation processes associated which short pulse duration 33 . The values of resonance fields for increasing and decreasing field runs were averaged
Miura and coworkers 10, 11 showed in his experiments on CR at very high magnetic fields how temperature affects the structure of resonant peaks. At low temperatures the resonances are dominated by impurity transitions (ICR) related to magneto-donors, as the temperature increases the free electron transitions begin to dominate. When the source has a fixed radiation frequency, the donor related transitions occur at lower magnetic fields. This behavior is illustrated in our Figs. 1-3. At T = 6 K the freeelectron resonance is negligible, while the measurements at 70 K show both CR and ICR. Finally, at T = 300 K one sees only the free-electron CR. At about 76.5 T (± 3 T) a stronger peak is visible at 6 K and λ 1 = 9.69 µm, whereas, a weaker one is at about 85.5 T (± 4 T). The peaks are split into two, more visible splitting is observed on curves for decreasing fields, see Fig. 1 . Increasing the temperature to 70 K causes appearance of more complex resonant structure: three strong resonance peaks are observed at (87 ± 4) T, (81.5 ± 4) T and (75.5 ± 3) T. The central resonance peak at 70 K is more clearly split, as seen in Fig. 2 , but other peaks are split as well. In contrast, the curve at 300 K shows a strong peak at the field (86 ± 4)T. The curves for λ 1 = 10.59 µm at different temperatures are presented in Fig. 3 . One observes the same resonances as those shown in Figs. 1 and 2, but somewhat shifted toward smaller fields. The experimental values and their averages for increasing and decreasing fields are presented for both wavelengths in Table 1 .
III. THEORY
It was shown by magneto-optical studies of the conduction band of GaAs both at low and high magnetic fields that, in addition to the free-electron Landau states, one usually deals in this material with residual Si donors. This is also the case in our studies, as indicated by preliminary inspection of the resonant peaks. They cannot be explained by the free electron cyclotron resonance alone, also when one takes into account the fact that both n = 0 and n = 1 Landau levels (LLs) are spin split and, due to band nonparabolicity, the spin splitting of each LL is different. Thus, we have to consider both free-electron and magneto-donor (MD) optical transitions. The freeelectron LLs can be described quite precisely including band nonparabolicity and nonsphericity, the description of MD energies is more complicated and we must recourse to approximate procedures.
A. Free electrons
The description of free-electron LLs in the nonparabolic and nonspherical conduction band of GaAs was worked out and verified in detail by Pfeffer and Zawadzki 34 , so we will give here only a short summary of this work and use its results. GaAs is a mediumgap material, so that in order to describe correctly its conduction band it is not enough to apply the standard three-level P·p model used for narrow-gap semiconductors. Thus, a five-level P·p model is used which includes in addition two higher conduction levels.One takes at the Γ point of the Bruillouin zone two Γ v 15 valence levels,Γ c 1 conduction level, and two Γ c 15 conduction levels. This gives, including degeneracies and spins, 14 states. The initial multi-band P·p set for carriers in the presence of an external magnetic field is:
where P = p + eA is the kinetic momentum, A is the vector potential of magnetic field B, E l0 are the bandedge energies, p l ′ l are the interband matrix elements of momentum, σ l ′ l those of the spin operators and H those of the spin-orbit interaction.The summation runs over 14 bands. Equation (2) represents a set of coupled differential equations for the envelope functions f l . Far-band contributions are included using the perturbation theory up to the P 2 terms. If the considered energy bands were spherical, one could find solutions of the set (2) by a column of single harmonic oscillator functions. However, an interaction of the two higher conduction levels with the two lowest valence levels of the set results in a slight nonsphericity of the bands, including the Γ 
where α is the polar coupling constant. Knowing the value of α = 0.085 and the experimentally measured mass m * (exp), one determines the bare mass m * 0 = 0.0651m 0 which should be used in the Landau level calculations for very high magnetic fields at which the optic phonons do not contribute. We use the following values of experimental gaps: E 0 = −1.519eV and the matrix elements of momentum: E P0 = 27.86eV, in the standard units E P = 2m 0 P 2 / 2 . The Luttinger valence-band parameters resulting from the interaction of far bands with the Γ v 15 bands are:
The basic matrix that has to be computed for a given LL n and specific spin orientation has dimensions 7 × 7. However, the basic 7 × 7 matrices for different n are coupled by the nonspherical terms into matrices of higher dimensions. In order to obtain the sufficient precision for the field B [001] we truncate the matrices at the dimension 35 × 35 and compute their eigen energies. The calculated energies exhibit nonlinear dependence of LLs on B due to band nonparabolicity. The most striking feature is the change of spin splitting from negative at low fields (expressed by the negative values of spin g-factors) to positive at high fields. The change of sign occurs at lower B intensities for LLs with higher n, see Ref. 34 . This is illustrated schematically in Fig.4 which shows that for n = 0 the g-value is negative (0+ state is lower than 0−), while for n = 1 the g-value is positive (1− state is lower than 1+). In the calculations we do not change the energy gap of GaAs for temperatures between 6 K and 70 K because, as follows from Ref. 36 , the change of energy gap due to dilatation in this material is negligible in the low temperature range.
B. Magneto-donors
In order to treat magneto-donor (MD) energies at the comparable level of precision, one would need to write down the donor potential in the 14 diagonal terms of the initial matrix (2) and deal with the resulting eigenvalue problem. This is not a tractable task, so we have to recourse to approximate solutions. A key parameter in the MD problem is ratio of the binding donor energy to the magnetic energy, i.e:
where ω c = eB/m * 0 and Ry * = m * e 4 /2κ 2 2 is the effective Rydberg. In GaAs there is Ry * = 5.9meV, so that at a magnetic field of B 86 T we have γ = 13.6. It follows from the work of Brozak et al 31 that at values γ > 6 one can treat the MD problem in a quantum well with the magnetic field parallel to the interfaces, i.e. in the Faraday configuration, as a problem in the bulk. This considerably facilitates our task.
000+ 0+

010+ 1+
1-010-0-000-
FIG. 4. Cyclotron resonance and MD cyclotron resonance transitions for both spin orientation
We want to solve the MD problem using variational procedure. Since the formalism of 14 × 14 matrix is not tractable for this purpose,we imitate the nonparabolicity of the conduction band by employing a two-band model with an effective energy gap ǫ * g .Thus, we take the effective gap value which gives the same nonparabolicity as the 14 × 14 band procedure. It was shown in ref.
11 that the value of such a gap for GaAs is 0.98 eV. Then the twoband equation (omitting spin) is
where the variational averages of kinetic and potential parts of the MD energy are, correspondingly (in the cylindrical coordinate system)
The energies are in effective Rydbergs and lengths in the effective Bohr radii. The potential energy in Eq. (5) stands outside the square root since, in the multiband P·p matrix, the potential always appears in diagonal terms together with the energy. One calculates the variational averages of U and K and than minimizes the energy of Eq. (5). However, we cannot hope to get sufficiently precise absolute MD energies from the above variational and simplified band structure procedures to be compared with the precise free electron energies. For this reason we calculate from Eq. (5) only shifts of the MD energies,as counted from the free-electron energies. The calculation of the shifts amounts to separate evaluation of the variational energies according to Eq. (5) and their comparison with the free-electron energies according to the same two-band model, by putting in Eq. (5) U = 0 and K = 2γ(n + 1/2), i.e. the energy of freeelectron LL n.
As to spin contributions to the energies, the two-band equation of the type (5) can not reproduce the change of signs of the spin splittings mentioned above. In this situation, we assume that the spin splitting of MD energies is the same as that of the free-electron energies calculated from the 14 × 14 scheme. Thus, in order to obtain the complete MD energies, we shift the calculated free-electron Landau levels (which include the spin) by the above mentioned amounts not depending on the spin.The assumption of identical spin splittings for LLs and MD energies is well justified since the energy differences between free and bound electron states are much smaller than their absolute energies at high fields. Since we deal with very high magnetic fields, expressed by the high values of γ, we can use in the variational calculations of MD energies one-parameter trial functions proposed by Wallis and Bowlden 35 . These functions express the fact that, in the MD state, component of the motion transverse to magnetic field is almost equal to that of the magnetic radius for a free electron, so that one varies only the longitudinal component, see 11 . Here λ is variational parameter, L M N are associated Laguerre polynomials and P(z) are orthogonal polynomials. The quantum numbers are: N = 0, 1, 2, , M = − 1, 0, 1, , = 0, 1, 2, We need only P 0 (z) = (γλ/2π) (1/4) . The Landau level number to which a given MD state "belongs" is n = N +1/2(M +|M |). For the MD states of our interest we take explicitly
where
The normalization coefficients C and the variational parameters λ are different for each function. Thus the complete theory includes in the first step precise calculation of the free-electron energies with the use of 14 × 14 P·p formalism. These are directly used to interpret the free electron data. Next, we calculate variational MD energies from the two-band equation (5) with the effective energy gap and calculate the MD energy shifts using the same two-band equation (5) for free electrons with the same effective gap. Finally, the obtained shifts are subtracted from the exactly calculated free-electron energies and used to interpret the experimental results for magneto-donors.
IV. COMPARISON OF EXPERIMENT WITH THEORY
In Fig.5 we show all observed resonance points and lines calculated according to the presented theory for magnetooptical transitions between the free-electron LLs n = 0 and n = 1, as well as MD states (000) and (010). The spin splittings are calculated for free electrons, as explained above. Experimental positions of the observed resonances at 6 K are indicated by black squares. It is seen that the observed central stronger peak should be attributed to the transition between the MD states.The uncertainties of our experimental points are determined by different resonance positions for increasing and decreasing field runs, as indicated in Table 1 . In general, the agreement between our experiment and theory is quite good for both LL and MD spin doublets shown in Fig.5 . The spin g-value for conduction electrons in GaAs is known to be very small, but at our very high magnetic field it results in sizable splittings. The data show that the spin splittings of LL and MD transitions are quite similar indicating that our assumption in this respect was reasonable. Finally, a good agreement of experiment and theory for free-electron transitions confirms indirectly but convincingly that, indeed, the polaron corrections to the effective electron mass are absent at high magnetic fields.
There appear two additional resonances on the lower field side whose origin is not clear. Huant et al [3] [4] [5] 38 observed in GaAs/AlGaAs quantum wells magneto-optical transitions ascribed to donors in AlGaAs barriers [3] [4] [5] 38, 39 . According to calculations 38 and observations reported in 39 the energies of transitions for MD in barriers are slightly higher than the cyclotron resonance. This would correspond in our experiments with fixed laser frequencies to resonances on weaker field sides, in agreement with our observations. On the other hand, the MD donors in the center of a barrier have distinctly smaller transition energies than those in the center of a well. Because donors in our MQW are in wells and barriers we presume that these resonances correspond to optical transitions of electrons in barriers.
Weak minimum recorded at higher magnetic fields, as it is seen from Figs. 1-3 is worse. Temperature dynamic of observed peaks confirms this interpretation while, at higher temperature (70 K, see Figs. 1-3) this peak is stronger and at 300 K it becomes a single peak. Resonance recorded from the smaller fields at 70 K (see Fig. 4 ) should be referred to the MD transitions in barriers. The reduced non-ionized donors in barriers cause this transitions as it have been shown in Refs. [3] [4] [5] 39 in the region of smaller magnetic fields. In the case of the MD transitions in the AlGaAs barriers the spin splitting is smaller and is outside experimental resolution of 1.5 T. In Fig. 6 we show the data taken at T = 70 K and unchanged theoretical lines. There appears a doublet for the higher frequency between the theoretical lines whose origin is unclear. In principle higher temperatures activate free-electron transitions but there are no free-electron states to produce this doublet. There is one resonance at lower magnetic fields, similar to those indicated in Fig. 5 . Nevertheless, we find that the overall agreement between the experiment and theory is quite reasonable, confirming our simplified treatment of magneto-donor energies. There appear few additional unexplained resonances which can be attributed to inhomogeneous character of multiple GaAs/AlGaAs quantum wells doped with Si.
V. SUMMARY
Very high pulsed magnetic fields up to 140 T were used to study cyclotron resonance and magneto-donor optical transitions in multiple GaAs/AlGaAs quantum wells in the Faraday configuration. The magneto-optical spectra taken at T = 6, 70 and 300 K exhibit different details as the temperature changes. The observed freeelectron magneto-optical transitions were described by the P·p theory including 14 energy bands that accounts for the nonparabolicity and nonsphericity of the conduction band in GaAs. Shifts of magneto-donor energies with respect to the free-electron energies were calculated by a variational procedure taking into account effective nonparabolicity of the conduction band in GaAs. The applied theory successfully describes our data, as well as data of other authors quoted for comparison. A possible origin of a few unexplained resonances is discussed. Our study confirms the general picture of both free electron and magnetodonor states in GaAs/AlGaAs multiple quantum wells in very wide range of magnetic fields which is important for various applications.
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